The finite-temperature density-functional theory and quasiharmonic lattice dynamics are used to calculate the Gibbs free energy and quasiharmonic phonons of the hexagonal-close-packed ͑hcp͒ and omega ͑͒ crystal structures for Zr. The hcp phonon dispersions agree with experiment; the phonon dispersions have not been measured yet. From the free energy, the volume thermal expansion coefficients of ␣-Zr are predicted. The calculated volume thermal expansion coefficients for ␣-Zr are in good agreement with the experiment data at T Ͼ 100 K. Our calculated results found that at zero-temperature the lowest-energy phase is not the but the hcp phase. This conclusion is in accordance with the result of Schnell and Albers, but in disagreement with those of Ahuja et al. As one of the group IV transition metals, zirconium has been broadly applied in aerospace, medical, and nuclear fields due to their high strength, light weight, corrosion resistance, and so on.
As one of the group IV transition metals, zirconium has been broadly applied in aerospace, medical, and nuclear fields due to their high strength, light weight, corrosion resistance, and so on. 1 In addition, Zr has a narrow d band in the midst of a broad sp band, which has an impact on its electronic and superconducting properties. The electronic transfer between the broad sp band and the narrow d band is the driving force behind many structural and electronic transitions in group IV transition metal materials. 2 The thermodynamic properties of zirconium have been the subject of many experimental and theoretical studies. Experimentally, at ambient conditions, Zr is a hexagonal-closepacked ͑hcp͒ structure ͑the ␣ phase͒. 3 It transforms martensitically into the body-centered-cubic ͑bcc͒ structure ͑the ␤ phase͒ at temperatures higher than 1136 K. When the pressure is increased at room temperature, a martensitic phase transformation into the omega structure ͑ phase, AlB 2 type͒ is observed between 2 and 7 GPa. [3] [4] [5] [6] [7] [8] However, it is now believed to occur at ca. 2.0 GPa at room temperature. 7, 8 At even higher pressures, 30-35 GPa, Zr exhibits a martensitic transformation into the bcc structure. [9] [10] [11] Theoretically, Ahuja et al. 12 and Jona and Marcus 13 predicted that at p = 0, the lowest-energy phase is the phase by using Hedin-Lundqvist parametrization for exchange and correlation potential within the local-density approximation without any geometry optimization and the full-potential linearized augmented plane-wave method within the localdensity approximation, respectively. Ostanin and Trubitsin 14 reported the phase diagram of ␣ → and found that phase transition ␣ → is 5.4 GPa at 300 K by the full-potential linear muffin-tin orbital ͑FP-LMTO͒ method incorporating information from experimental data. In another theoretical work by Schnell and Albers 15 , the phase diagram of zirconium is constructed using tight-binding ͑TB͒ methods. They found that the hcp phase is the most stable zero-temperature phase for Zr if zero-point motion effects are added to the enthalpy, and this conclusion is inconsistent with previous theoretical calculations. 12, 13 Moreover, the phase boundaries of ␣ → calculated by Ostanin and Trubitsin 14 and Schnell and Albers 15 are in disagreement from the experiment results at high temperatures.
Up to now, Zr is still controversial in high-pressure structural phase transitions especially at higher temperatures. Therefore, we used here the finite temperature densityfunctional theory and quasiharmonic lattice dynamics to calculate the phase boundary of ␣ → and phonon dispersions. The calculated phonon dispersions for ␣-Zr are in accordance with the experimental measurements. The volume thermal expansion coefficients for ␣-Zr are predicted and the results agree well with the experiment data at T Ͼ 100 K. It is found that the zero-temperature ground state is the hcp structure and this result is in accord with the result of Schnell and Albers 15 , but in disagreement with others. 12, 13 The predicted ␣ → phase boundary is in better agreement with the experiment than the other theoretical calculations.
Free energy calculations were performed in the framework of the frozen core all-electron projector augmented wave ͑PAW͒ 16, 17 method as implemented in the Vienna ab initio simulation package ͑VASP͒. 18 The plane wave energy cutoff was set to 500 eV. Exchange and correlation potentials were treated within the generalized gradient approximation of Perdew, Burke, and Ernzerhof ͑PBE͒. 19 In the PAW method, the effect of core electrons and nuclei is replaced by an effective ionic potential and only the valence electrons, which are directly involved in chemical bonding, are considered. The valence electrons for zirconium are in the 4s 2 4p 6 4d 2 5s 2 configuration. The integration over the Brillouin zone ͑BZ͒ was performed on a grid of special k points determined according to the Monkhorst-Pack scheme. 20 Relaxation procedures at zero T were carried out according to the Methfessel-Paxton scheme, 21 while accurate total energy calculations were performed by means of the linear tetrahedron method with Blöchl's correction. 22 The finite temperature for electric structure and force calculations were implemented within the Fermi-Dirac-smearing approach. 23 All necessary convergence tests were performed and the selfconsistence convergence of the electronic free energy of all phase considered was set to 10 −6 eV/ cell. The convergence of the vibrational free energies of the hcp and omega structures with respect to the k point grid and the energy cutoff was attained. The phonon frequency calculations were carried out in the framework of the supercell approach using the small displacement method described in Refs. 24-26. To obtain a vibrational free energy converged within 1 meV, we used 3 ϫ 3 ϫ 3 supercells for ␣-Zr and 3 ϫ 3 ϫ 2 for -Zr, respectively. Forces induced by small atomic displacements were calculated using the VASP program. The phonon dispersion calculations were performed at a number of electronic temperatures up to 900 K. It was found that the phonon dispersions were insensitive to the electronic temperature and, consequently, further calculations were performed at an electronic temperature of 300 K. The free energy was calculated as the sum of the electronic and vibrational contributions. The equation of state was obtained by accurate numerical interpolation of the calculated Helmholtz free energies using the Vinet equation of state ͑EOS͒.
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We calculate the total free energy at a number of different temperatures, for each temperature fitted the total free energy to the Vinet EOS. 27 The volume thermal expansion coefficients of ␣-Zr are obtained. In Fig. 1 , we show the calculated volume thermal expansion coefficients for ␣-Zr together with experimental data. 28 Here, excellent agreement is found between the calculated and experimental coefficients of volume thermal expansion at T Ͼ 100 K. However, the experimental data display some peculiar features, i.e., the thermal expansion coefficients show only a slight variation with increasing temperature. Furthermore, if one extrapolated the experimental data along its tangent from 50 to 0 K, it would be positive and considerably different from zero. A general property of all materials is that the thermal expansion coefficients should approach zero at T = 0 K. These suggest that the experimental thermal expansion data of Zr are indeed somewhat questionable. Figure 2 compares our calculated phonon dispersions for the ␣ structure to experimental data. 29 The ␣ phonons are consistent with the experimental values for the high-energy optical and acoustic branches; these are important for modeling the shuffle during martensitic transformation. The calculated phonon dispersions for -Zr are predicted in Fig. 3 . It is noted that the phonons are expectedly stiffer along the c axis than in the basal plane due to the low c / a ratio. Unfortunately, there are not yet experimental data on phonon dispersions of -Zr to compare with our calculated results. Figure 4 represents the calculated E-V and G-P data. It is noted that the ␣ phase is more stable than the phase at 0 K. This conclusion is also supported by the calculated result of Schnell and Albers 15 and is in disagreement with the other calculations. 12, 13 To predict the phase boundary of ␣ → , we calculate here the Gibbs free energy of the hexagonal-closepacked ͑hcp, ␣͒ and omega ͑͒ crystal structures. The Gibbs energy difference between the hcp and omega structures ͑⌬G͒ of Zr as a function of pressure for several temperatures is reported in Fig. 5 . At 0 K, ⌬G is already negative at low pressures and, consequently, the hcp structure appears in the calculated phase diagram. The phase transition of ␣ → oc- curs at ca. 1.7 GPa at T = 300 K, which agrees well with what had generally been believed. 7, 8 At the same time, under compression ⌬G increases and eventually becomes positive, indicating a stabilization of the structure and at higher temperatures the pressure of the ␣ → transition increases even further.
The pressure-volume isotherms of the Zr at T = 300 K are compared with previous results in Fig. 6 . The solid curve is the present EOS. The squares are taken from Zhao et al. 30 The triangles are experimental results from Liu et al. 31 The open symbols are experimental data from Akahama et al.
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The dotted curve gives the Birch-Murnahan fit of Xia et al. 9 for the phase. The present EOS agrees very well with the experimental data of Akahama et al. 11 Our atomic volumes at high pressure are slightly higher than those obtained by other experiments. 9, 30, 31 This might be due to the systematic errors existing among different experimental techniques as discussed by Zhao et al. 30 Once the free energies of the ␣ phase and structure are determined, the phase boundary can be obtained by equating Gibbs free energies at a given pressure and temperature. The phase diagram of Zr is predicted in Fig. 7 , compared with other theoretical calculations 14, 15 and experiment. 7 The dotted line is from calculations of Ostanin and Trubitsin, 14 Ͼ 200 K. At temperatures lower than this, the phase transition pressure of Schnell and Albers decreases slowly. The dashed line represents experimental data point given by Young. 7 It is seen that the present phase boundary is in excellent agreement with the available experiment; 7 however, other theoretical results 14, 15 are far from the experimental result at high temperatures.
In summary, we have calculated the phase diagram of ␣ → of Zr by using the finite temperature density-functional theory and quasiharmonic lattice dynamics. Our work is based on the calculation of the Gibbs free energy of ␣ and phases, and for each fixed temperature the phase transition pressure is determined by the point at which the two free energies cross. Our calculated phase boundary is in better agreement with the available experimental data than other theoretical results. Our calculated results found that the ␣ structure is most stable at zero temperature and this conclusion agrees well with that of Schnell and Albers. For the structure the phonon dispersions are predicted. The calculated volume thermal expansion coefficients for ␣-Zr are also predicted and the results are in good agreement with the experimental data at T Ͼ 100 K.
